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Rankin-Selberg convolutions for $U(n, n+1)$
( )
, Gelbart and Piatetuki-Shapiro
([G-P, Part B]) , .
0. Notation
$F$ , $E/F$ 2 , $F$ .
$G^{n}=U(n,n+1)$
$=\{g=(\begin{array}{lll}A \alpha B\beta \epsilon \gamma C \delta D\end{array})\in GL_{2’\}+1}(E)|\overline{g}(\begin{array}{lll} 1_{n}1_{n} 1 \end{array})g=(\begin{array}{lll} 1_{n}l_{n} 1 \end{array})\}$
$H^{n}=U(n,\dot{n})$
$=\{(\begin{array}{lll}A 0 B0 l 0C 0 D\end{array})\in G^{n}\}$
$1\leq q\leq n$
$GL_{q}^{n}=\{\iota(A)=(\begin{array}{lllll}A 1_{n-q} 1 {}^{t}\overline{A}^{-1} 1_{n-q}\end{array})|A\in GL_{q}(E)\}$
$G^{n-q}=\{(\begin{array}{lllll}l_{q} 0 0 0 00 A \alpha 0 B0 \beta \epsilon 0 \gamma 0 0 0 1_{q} 00 C \delta 0 D\end{array})|(\begin{array}{lll}A \alpha B\beta \epsilon \gamma C \delta D\end{array})\in U(n-q, n-q+1)\}$
$\Delta_{q}=\{\iota(\delta)\in GL_{q}^{n}|\delta=(\begin{array}{lll}1 * \ddots 0 1\end{array})\in GL_{q}(E)\}$
$L_{q}=\{\iota(f)\in GL_{n}^{n}|f=(^{1_{0^{q}}}$ $1_{n^{*}-q})\in GL_{n}(E)\}$












1. Cusp forms on $G^{n}$ .
A $F$ , $\mu:F\backslash Aarrow C^{1}$ . $U_{q}(A)$ $\mu_{q}$
.
$\mu_{q}(\iota(\delta)\iota(1)n_{q}(\alpha,B))=\mu(tr_{E/p}(\delta_{12}+\cdots+\delta_{q-1q}+\alpha_{q}))$
(1.1) { $g\in G^{\text{ }-q}(A)|\mu_{q}(g^{-1}\tau\iota g)=\mu_{q}(u)$ for all $u\in U_{q}(A)$ } $=H^{n-q}(A)$
.
$A_{0}(G^{n})$ $G^{n}(A)$ cusp form . $\varphi\in A_{0}(G^{n})$
$\lambda_{q}(\varphi;g)=\int_{U_{9}\backslash U_{9}(A)}\mu_{q}^{-1}(u)\varphi(ug)du$
. (1.1)
$\lambda_{q}(\varphi;hg)=\lambda_{q}(\varphi;g)$ for all $h\in H^{n-q}$
, $\sigma$ $H^{n-q}$ $H^{n-q}(A)$ character
$W_{q}^{\sigma}(\varphi;g)=J_{H^{n-}\iota\backslash ffn-q(A)}\sigma(h)\lambda_{q}(\varphi;hg)dh$
. $q=n$ , $W_{n}(\varphi;g)$ Whittaker .
LEMMA. $\varphi\in A_{0}(G^{n})$
$\int_{\circ\tilde{\sigma},\backslash \tilde{U},(A)}0\varphi(ug)du=\sum_{\gamma\in\Delta_{2}\backslash GL_{q}^{n}}\lambda_{q}(\varphi;\gamma g)$
. $q=2$ . $o_{N_{q}}$ $N_{q}$
$0N_{q}\backslash N_{q}\cong E^{q}$ , $\alpha_{1},$ $\alpha_{2}\in E$
$\overline{n}_{2}(\begin{array}{l}\alpha_{1}\alpha_{2}\end{array})=^{0}N_{2}\cdot n_{2}(\backslash (\begin{array}{l}\alpha_{1}\alpha_{2}0|0\end{array})0)\in 0N_{2}\backslash N_{2}$
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.
(1.2) $\iota(A)\overline{n}_{2}(\begin{array}{l}\alpha_{l}\alpha_{2}\end{array})\iota(A)^{-1}=\overline{n}_{2}(A(\begin{array}{l}\alpha_{1}\alpha_{2}\end{array}))$ for $A\in GL_{2}(E)$
. $\varphi\in A_{\overline{\cup}}(G^{\text{ }})$ $g\in G^{n}(A)$
$(E \backslash A_{E})^{2}\ni(\begin{array}{l}\alpha_{1}\alpha_{2}\end{array})\mapsto J(\begin{array}{l}\alpha_{1}\alpha_{2}\end{array})=\int_{0_{\tilde{U}_{2}\backslash \tilde{U}_{2}(A)}}0\varphi(u\overline{n}_{2}(\begin{array}{l}\alpha_{1}\alpha_{2}\end{array})g)du$
$J$ .
$C_{g}( \beta_{1},\beta_{2})=\int_{(E\backslash A_{B})^{2}}\mu(tr_{B/p}(\beta_{1}x_{1}+\beta_{2}x_{2}))^{-1}J(\begin{array}{l}x_{1}x_{2}\end{array})dx_{1}dx_{2}$
$J (\begin{array}{l}\alpha_{1}\alpha_{2}\end{array})=\sum_{\beta_{1},\beta,\in E}C_{g}(\beta_{1}, \beta_{2})\mu(tr_{E/F}(\beta_{1}\alpha_{1}+\beta_{2}\alpha_{2}))$
. $\varphi$ cusp form (1.2)
$C_{g}(0,0)=0$







$C_{g}(0,1)= \sum_{\gamma\in\Delta_{2}\backslash (\Delta’)}\lambda_{2}(\varphi;\gamma g)$
.
$\int_{\circ\tilde{\sigma}_{a\backslash \tilde{U}_{2}(A)}}0\varphi(ug)d\tau\iota=J(\begin{array}{l}00\end{array})$




$\int_{\tilde{U}_{Q}\backslash \tilde{U}_{9}(A)}\varphi(\tau\iota g)du=0$ for all $1\leq q\leq n$
. $\varphi$ $H^{n}(A)$ $0_{\overline{U}_{q}}$
constant term .
(1.3) $\varphi|_{H^{n}(A)}\in L^{2}(H^{n}\backslash H^{n}(A))=L_{cusp}^{2}(H^{n}\backslash H^{n}(A))\oplus\oplus L^{2}(H^{\text{ }}, \{^{o}P\})$
$t^{o_{P\}}}$
( Langlands elementary decomposition $t^{0}P$ } $H^{n}$ F-rational proper stan-
dard parabolic subgroups association classes , $L^{2}(H^{n}, t^{0}P\})$ $0P$ Levi subgroup
cusp forms incomplete theta series $L^{2}(H^{n}\backslash H" (A))$ )
.
COROLLARY. $\varphi\in A_{0}(G^{n})$
$\varphi|_{H^{n}(A)}\in L_{cusp}^{2}$ ($H^{n}\backslash H$ $(A)$ ) $\Leftrightarrow\lambda_{q}(\varphi;\cdot)=0$ for ail $1\leq q\leq n$
.
, [W] tration $A^{1}(G^{n})$ ( $[W]$ $A^{1}$ ( $G^{n}$ ))
. cuspidal theta series $A^{1}(G^{n})$
.
$\lambda_{q}(\varphi;.)=0$ $0_{P}\subset oQ_{q}$ parabolic subgroup $0_{P}$ ,
$\varphi|_{H^{n}(A)}$ $L^{2}(H^{n}, \{OP\})$ .
COROLLARY. $\varphi\in A_{0}(G^{n})$
$\lambda_{n}(\varphi;\cdot)=0\Rightarrow\varphi|_{H^{n}(A)}\perp L^{2}(H^{n}, t^{0}R_{q}\})$ for all $1\leq q\leq n$
, $n=2$
$L^{2}(H^{2}\backslash H^{2}(A))=L_{cusp}^{2}(H^{2}\backslash H^{2}(A))\oplus L^{2}(H^{2}, t^{o}P_{2}\})\oplus L^{2}(H^{2}, t^{0}Q_{1}\})\oplus L^{2}(H^{2}, t^{o}Q_{2}\})$
(1) $\lambda_{1}(\varphi;\cdot)=\lambda_{2}(\varphi|)=0$ $\Leftrightarrow\varphi|_{H^{2}(A)}\in L_{cusp}^{2}(H^{2}\backslash H^{2}(A))$
(2) $\lambda_{1}(\varphi;\cdot)\neq 0,$ $\lambda_{2}(\varphi;\cdot)=0\Rightarrow\varphi|_{H^{2}(A)}\in L_{cusp}^{2}(H^{2}\backslash H^{2}(A))\oplus L^{2}(H^{2}, t^{o}Q_{1}\})$
(3) $\lambda_{1}(\varphi;\cdot)=0,$ $\lambda_{2}(\varphi;\cdot)\neq 0\Rightarrow\varphi|_{H^{2}(A)}\in L_{cusp}^{2}(H^{2}\backslash H^{2}(A))\oplus L^{2}(H^{2}, \iota^{o}Q_{2}\})$
.
2. Eisenstein series on $H$“.
$H^{n}(A)$ Eisenstein .
$\alpha:^{0}Q_{q}(A)=GL_{q}^{n}(A)H^{n-q}(A)^{0}\tilde{U}_{q}(A)arrow C’\backslash :\alpha(\iota(A)hu)=|\det A|$ ,
$h\in H^{n-q}(A),$ $u\in 0\tilde{U}_{q}(A)$
$A\in GL_{q}(A_{E})$
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. $GL_{q}(A_{E})$ square-integrable $(\tau, V_{\tau})$ $H-q(A)$ square-
integrable $(\sigma, V_{\sigma})$ . $\tau\otimes\sigma$ $0Q_{q}(A)$ . $V_{\tau}\otimes V_{\sigma}$
$L^{2}(0\overline{M}_{q}\backslash 0\overline{M}_{q}(A))$ .
$J(\tau, \sigma, s)=\{f:H^{n}(A)arrow V_{r}\otimes V_{\sigma}|f(gh)=\alpha(g)^{s+\text{ }-q/2}(r\otimes\sigma)(g)(f(h)), g\in oQ_{q}(A)h\in H^{n}(A)\}$
$=Ind_{o_{Q_{q}(A)}}^{H^{n}(A)}\alpha^{s}\tau\otimes\sigma$
. $f_{s}\in J(\tau, \sigma, s)$ , Eisenstein
$E(f_{S\prime}h)= \sum_{\gamma\in 0_{Q_{q}\backslash H^{n}}}(f_{s}(\gamma h))(1_{n})$
. $\Re s>n-q/2$ .
$W(f_{s}; h)= \int_{\Delta_{q}\backslash \Delta_{9}(A)}\mu_{q}(u)(f_{s}(uh))(1_{n})du$
. . $L^{2}(H^{n}\backslash H^{n}(A))$ 1
Langlands
$\oplus$ $L^{2}(H^{n}, \{0Q_{k}\}, t^{0}P\})$
$k=1oo_{P\subset Q_{k}}$
.
$X(\tau, \sigma)=clo\epsilon ure$ of $\{\int_{\Re s=0}\psi(s)E(f_{s} ; h)ds|f\in J^{c}(\tau, \sigma,s)\psi_{s}\in C(\sqrt{-1}R)\}$
$L^{2}(H^{n}, t^{0}Q_{q}\}, t^{o}P\})=$ $\oplus$ $\oplus$ $X(\tau, \sigma)$
$t^{oo}\tilde{M}_{9}\cap P’\}^{\tau\theta\sigma\in L_{dsc}^{2}(\tilde{M}_{9},\{}0\Phi$ $c^{\cap^{Q}P’\})}$
$0P^{t}C\{oP\}$
. [M-W]
(1) $L^{2}(H^{n}, t^{o}Q_{q}\}, t^{o}Q_{q}\})=$ $\oplus$ $X(\tau,\sigma)$
$\tau:cu\epsilon pidal\sigma:cuspidal$
(2) $L^{2}(H^{n}, t^{0}Q_{q}\}, t^{o}R_{q}\})=$ $\oplus$ $X(\tau, \sigma)\oplus$ $\oplus$ $X(\tau, \sigma)$
$r:cuspid4$ $\tau:$ character
$\sigma:.$ residual$\sigma$ : charxter
(3) $L^{2}(H^{n}, t^{o}Q_{q}\}, \{^{o}P_{q}\})=$ $\oplus$ $X(r, \sigma)$
$r:char\infty_{1^{-}}ter\sigma:cu\epsilon pda1$
(4) $L^{2}(H^{n}, t^{0}Q_{q}\}, t^{o}P_{k}\})=$ $\oplus$ $X(\tau, \sigma)$ for all $q+1\leq k\leq n$
$r:character\sigma:re\epsilon\iota dual$




$G^{\text{ }}(A)$ cuspidaJ $(\pi, V,)$ . $\varphi\in V$, $f_{s}\in J(\tau, \sigma, s)$
$I( \varphi, f_{s})=\int_{H^{n}\backslash H^{n}(A)}\varphi(h)E(f_{s}; h)dh$
. N-W] $\tau$ residual , Whittaker model .
Lemma .
THEOREM. (1) $r$ resJdual $I(\varphi, f_{s})=0$
(2) $r$ cuspidal $\sigma$ character
$I( \varphi, f_{s})=\int_{0_{U_{q}(A)H^{n-q}(A)\backslash H^{n}(A)}}W_{q}^{\sigma}(\varphi;h)W(f_{s}; h)dh$
($q=n$ , (2) Gelbart and Piatetski-Shapiro . $\sigma$ cuspidal






$\varphi|_{H^{n}(A)}\perp$ $\oplus$ $L^{2}(H^{n})t^{o}Q_{n}$ }, $t^{o}P$ })
$t^{o_{P\}}}$
$ooo_{P\neq Q_{n}^{n}}$
, (2) . $W(f_{s} ; h)$ $f_{s}$
local Whittaker , .
QUESTION. ”
. $\mathcal{P}=\mathcal{P}_{\infty}\cup \mathcal{P}_{f}$ $F$
, $\pi$ $\pi=\otimes_{v}\pi_{\{/}$ . $v\in \mathcal{P}$




(M-q) $\dim L_{q}(\pi_{v})\leq 1$ for any irreducible unitary rep. $\pi_{v}$ of $G$“ $(F_{V})$
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(M-q) $v\in \mathcal{P}$ $\Rightarrow W_{q}^{\sigma}(\varphi)h)$
$\Rightarrow I(\varphi, f_{s})$ Euler
. .
(3.1) (M-n) is true for all $v\in \mathcal{P}$ .
(3.2) $(M-(n- 1))$ is true for non-split $v\in \mathcal{P}_{j}$ . (Novodvorsky [N]).
(3.1) $W_{n}(\varphi, \cdot)$ Whittaker . B.
Tamir [T] Basic identity .
$SO(n, n+1)$ . $(M-(n- 1))$
, .
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